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or decays in the presence of magnetic damping – to a spatially
homogeneous state.

Magnetic soliton topology yields important information
about the collective behavior of multiple solitons. For example,





RUTH, IACOCCA, KEVREKIDIS, AND HOEFER PHYSICAL REVIEW B97, 104428 (2018)

PMA [5]. The topological bion stripe is of particular interest
because its structure is reminiscent of chiral Néel domain walls
[40,41] that have been recently utilized to nucleate skyrmions
[24,35,36]. In the following, we will refer to nontopological
or topological bion stripes according to their one-dimensional
chirality.

III. BION FILAMENT STABILITY ANALYSIS

To study the stability of bion stripes, we determine the
evolution of perturbations along theŷ direction, i.e., transverse
perturbations. To attack this nontrivial nonlinear problem from
an analytical perspective, we utilize the average Lagrangian
formalism [39] to reduce the dimensionality of the system.
The idea is to assume the modulation of a bion stripe by
allowing its parameters�, v,  , and � to be functions of
y and t. This treats the bion stripe as a soliton �lament or
bendable, tubelike curve whose local cross section is the bion
solution (9) that can expand and contract as dictated by the
corresponding Lagrangian (and the resulting Euler-Lagrange
equations). We remark that another, similar approach to study-
ing the transverse dynamics of soliton �laments in other areas
of nonlinear physics utilizes an effective Hamiltonian [42]. By
substituting the bion stripe solution (9) into the Lagrangian
(7) and integrating overx, we obtain the averaged Lagrangian.
For simplicity of presentation, we restrict to the low frequency
and small velocity regime where bion stripes approach static
stripe domains and can be topologically classi�ed by the sign
of the precessional frequency. The more general case can be
studied in the same manner but the expressions become more
complicated. In the|� | � | v| � 1 case, asymptotic expansion
in frequency, velocity, space, and time give the leading-order
averaged Lagrangian (see AppendixA for details)

L avg = 2� Š 2� Y( 2 Š � 2) Š (� T  ) ln(V 2 + � 2)

Š
� Y(V 2 + � 2)
2(V 2 + � 2)

+ 4(� T � ) tanŠ1
�

Š� +
�

V 2 + � 2

V

�
,

(12)

where the capitalized variables� = �/ |� 0|, V = v/ |� 0|,
T = | � 0|t , and Y =

�
|� 0|y denote, respectively, the order

one scaled frequency, velocity, time, and space variables by
the small characteristic precessional frequency|� 0| � 1 of an
unperturbed bion stripe.

The averaged equations of motion are the Euler-Lagrange
equations of the averaged Lagrangian (12), which can be
expressed in a symmetric form

� T � Š 1
2� Y Y� Š eu cos� = 0, (13a)

� T  Š 1
2� Y Yu Š eu sin� = 0, (13b)

� T � + 2� Y Y� = 0, (13c)

� T u + 2� Y Y = 0, (13d)

with the change of variables

V 13d),| 1 3 d ) �
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FIG. 2. Growth rates for the (a) nontopological� 0 = 0.06 and
(b) topological� 0 = Š 0.06 bion stripes. The maximally unstable
wavelength and maximal growth rate,kmax and � max, are indicated
by a �lled black circle in (a). Numerical calculations are shown by
blue asterisks and circles for the real and imaginary growth rates,
respectively.

in the nature of the instability of nontopological and topological
bion stripes.

Our focus in this work is on stationary bion stripes for which
V0 = 0. In this case, the growth rate (18) becomes

� (K ) = K
�

ŠK 2 + 2 (20)

because� 0 = ± 1. All perturbations with wave numberK in
the unstable band (0,K c), K c =

�
2, lead to a transverse insta-

bility. The growth rate (20) is maximized for the wave number
Kmax = 1 and attains the maximal growth rate� max = 1.
Returning to the lowercase unscaled wave numberk and
growth rate� , the maximally unstable wave number, maximal
growth rate, and unstable wave-number band for an initial,
stationary bion stripe with frequency� 0 are

kmax =
�

|� 0|, � max = | � 0|, kc =
�

2|� 0|. (21)

The dominant growth rate, wavelength of instability, and
unstable band are the same for topological (� 0 < 0) and
nontopological (� 0 > 0) bion stripes.

We have also performed a linearization of the Larmor torque
equations (3) and (4) about the bion stripe solution (9). This
leads to a linear eigenvalue problem for small perturbations of
the magnetization vector. Direct numerical computation yields
a de�nitive prediction for the unstable mode and its growth
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FIG. 6. Evolution of the width� of an initially perturbed,
nontopological bion stripe with� 0 = 0.06. Direct numerical sim-
ulations of the Larmor torque equation (solid) and the average
Lagrangian equations (dashed) show excellent agreement. The time
scale for the average Lagrangian results have been scaled by the ratio
� max/� 0 	 1.06 where� 0 is the maximum growth rate from numerical
linearization.

the nontopological averaged Lagrangian numerics, with the
frequency perturbation scaled bya� 0. The width is extracted
from Larmor simulations by interpolating the numerical solu-
tion to �nd xŠ (y,t ) < x + (y,t ) such thatmz(x± ,y,t ) = 0. The
width reported in Fig.6 (solid curves) isx+ Š xŠ . The average
Lagrangian equations are in excellent agreement with the full
Larmor torque equation, even well beyond the linear regime.

In Fig. 6, we observe signi�cant amplitude growth and
deviation from a sinusoidal waveform to one in which the
soliton width approaches zero, the neck instability. Zero width
corresponds to pinching of the soliton �lament and the break-
down of the single soliton �lament approximation. The soliton
�lament center� remains at zero throughout the simulation.
Longer evolution leads to a signi�cant increase in the frequency
� , beyond the regime of validity,� = O(1), and therefore
signals the breakdown of the average Lagrangian approach.
We will investigate the pinching of the soliton �lament and
subsequent evolution in Sec.V.

We now investigate the nonlinear stage of evolution of
the topological bion �lament. Figures7(a) and 7(b) display
the evolution of the soliton �lament width� and center� ,
respectively, from numerics of both the average Lagrangian
equations (dashed line) and the Larmor torque equation (solid
line). Again, we rescale time in these �gures by� max/� 0
according to the small difference in the maximal growth rates.
Here, the average Lagrangian equations (13) are initialized
with a stationary topological bion perturbed in the maximally
unstable direction (24) with amplitudea = 10Š3. The Larmor
torque equation is initialized with a bion stripe with frequency
� 0 = Š 0.06 and the same sinusoidal perturbation, now with
the v component scaled by|� 0|. The initially small soliton
�lament center modulation grows rapidly with wave number
kmax, as predicted by linear stability analysis in Eq. (25).
Recall that the soliton �lament width is predicted to not exhibit
growth during the linear stage of evolution. This is consistent
with Fig. 7(b) where an initially constant width takes some
time to develop even small amplitude oscillations. Moreover,
these oscillations exhibit the wave number 2kmax, the second
harmonic of the maximally unstable mode, and is due to
the nonlinear coupling of the soliton �lament parameters in

FIG. 7. Numerical evolution of a perturbed, topological bion
stripe with� 0 = Š 0.06 according to the average Lagrangian equa-
tions (dashed) and the Larmor torque equation (solid). (a) The soliton
�lament width � . (b) The soliton �lament center� . For both, the time
scale for the average Lagrangian results have been scaled by the ratio
� max/� 0 	 1.11 where� 0 is the maximum growth rate from numerical
linearization.

Eqs. (13). As in the case of the nontopological bion �lament,
the topological bion �lament also exhibits breakup into two-
dimensional coherent structures, signaling the breakdown of
the average Lagrangian theory. We now investigate this regime.

V. BREAKUP OF A BION FILAMENT

In this section, we perform time-dependent numerical sim-
ulations for a bion stripe subject to small transverse pertur-
bations. We discretize Eqs. (3) and (4) with no applied �eld.
Utilizing a periodic boundary, pseudospectral method in space
[46], we integrate in time with a fourth-order Runge-Kutta
method. The domain is discretized into a mesh of 128× 256
grid points with 0.5
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breakup. We base this observation on work in Ref. [29] that
numerically demonstrated how two adjacent, in-phase droplets
attract and form a long-lived breather solution that resembles
what we observe here. For the topological bion, we can predict
how topological poles form within the bion �lament. The limit
v � 0± in the phase� yields a � phase jump for� < 0,
as noted in Eq. (10). For small but nonzerov, we have the
expansion of Eq. (9b):

� (x,y,t ) �  Š
v(x Š � )

2

Š tanŠ1
�

F (� ) tanh(
�

1 Š � [x Š � ])
v

�
, (27)

whereF (� ) = 2|� |/
�

1 Š � > 0. Equation (27) expresses the
smoothing of the phase jump by a nonzero velocityv. The
phase jump is negative when 0< v � 1 and positive for 0<
Šv � 1. Therefore, when the velocityv(Y,T) passes through
zero withvY < 0 orvY > 0, a topological pole is formed. The
sign of the pole’s skyrmion numberS[recall Eq. (2)] is opposite
the spatial slope ofv, i.e., sgnS = Š sgnvy. Because there are
two velocity zero crossings per period of the instability, we can
write the poles per unit length as

Np =

�
|� 0|
�

(28)

which, for L y = 128,NpL y = 10 agrees with the simulation
in Fig. 8(b). Note that this is simply twice Eq. (
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by many terms inL . While this integration is not theoretically
dif�cult, the Lagrangian that is obtained from the process
turns out to be complicated unless additional assumptions
are made on the bion �lament’s frequency� and velocityv.
The obtained average Lagrangian is therefore asymptotically
expanded assuming 0< |� | � | v| � 1. The result, in scaled
variables, is given in Eq. (12).

APPENDIX B: LINEARIZED LARMOR TORQUE
EQUATION ABOUT THE BION STRIPE

Starting with the Larmor torque equations (3) and (4), we
linearize about the bion stripe solution. We assume that the
magnetization can be written asm = m0 + m1, wherem0 is
obtained by substituting the bion stripe solution in Eqs. (9a)
and (9b) into Eq. (5). We are interested in linearizing about the
stationary bion stripe, however, the topological bion exhibits
a discontinuity atx = 0. Therefore, for numerical stability
purposes, we will consider the parameter regime 0< |v| �
|� | for the topological bion, which smooths the discontinuity at
x = � (t) without drastically changing the dispersion relation.
For the nontopological bion, we are free to assumev = 0.

Because we are interested in bion stripes with a �nite veloc-
ity v, we transform coordinates to a moving reference frame
� = x Š vt. We can remove the explicit time dependence by
applying a rotation matrix

R(� ) =

�

�
cos(� ) Š sin(� ) 0
sin(� ) cos(� ) 0

0 0 1

	


 (B1)

to the magnetization vector, i.e.,m
 = R[Š(� + h0)t]m. The
linearized equation form


1 is found to be

� tm

1(�,y,t ) = v� � m


1 + � (m

1,y x̂ Š m


1,x ŷ)

Š m

0 × (� 2m


1 + m

1,zẑ)

Š m

1 × (� �,� m


0 + m

0,zẑ). (B2)

By construction,m

0 is only a function of� , so we may assume

a linear wave solution iny andt:

m

1(�,y,t ) = m̃


1(� )ei (kyŠ
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