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Abstract The long-time behavior of an initial step resulting in a dispersive shock wave
(DSW) for the one-dimensional isentropic Euler equations regularized by generic,
third-order dispersion is considered by use of Whitham averaging. Under modest
assumptions, the jump conditions (DSW locus and speeds) for admissible, weak DSWs
are characterized and found to depend only upon the sign of dispersion (convexity or
concavity) and a general pressure law. Two mechanisms leading to the breakdown of
this simple wave DSW theory for sufficiently large jumps are identified: a change in
the sign of dispersion, leading to gradient catastrophe in the modulation equations, and
the loss of genuine nonlinearity in the modulation equations. Large amplitude DSWs
are constructed for several particular dispersive fluids with differing pressure laws
modeled by the generalized nonlinear Schrödinger equation. These include superfluids
(Bose–Einstein condensates and ultracold fermions) and “optical fluids.” Estimates
of breaking times for smooth initial data and the long-time behavior of the shock tube
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A3 (dispersive operator) The dispersive term [D(ρ, u)]x is a differential operator
with D of second order in spatial and/or mixed partial derivatives such that the
system (2.2) has the real-valued dispersion relation

ω = u0k ± ω0(k, ρ0), (2.3)

with two branches found by linearizing about the uniform background state ρ =
ρ0, u = u0 with small amplitude waves proportional to exp[i(kx − ωt)]. The
appropriate branch of the dispersion relation is fixed by the ± sign in (2.3) with
ω0(k, ρ0) ≥ 0 for k ≥ 0, ρ0 ≥ 0. The dispersion relation has the long-wave
expansion

ω0(k, ρ0) = c0k + μk3 + o(k3), k → 0, μ 
= 0. (2.4)

The sign of the dispersion is sgn ω′′
0(k; ρ0) for k > 0. Using (2.4) and the convexity

or concavity of ω0 as a function of k, one finds

sgn

(
ω0(k, ρ0)

k

)

k
= sgn

∂2ω0

∂k2 (k, ρ0).

Therefore, positive dispersion corresponds to increasing phase and group veloc-
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allow for the application of the Whitham–El method. While the assumptions in A4 are
usually verifiable, A5 is often assumed. Causes of the breakdown of assumptions A3
(unique dispersion sign) and A5 (genuine nonlinearity) are identified and associated
with extrema in the DSW speeds as either the left or right density is varied.

The nonstationary DSW considered here is the long-time resolution of an initial
jump in the fluid density and velocity, the Riemann problem

u(x, 0) =
{

u1 x < 0
u2 x > 0

, ρ(x, 0) =
{

ρ1 x < 0
ρ2 x > 0

, (2.5)

where u j ∈ R, ρ
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u = V + A

ρ
, (3.9a)

(
ρ′)2 = 8

⎡
⎣ρ

ρ∫

ρ1

f (ρ̃)dρ̃ + Bρ2 + Cρ − A2

2

⎤
⎦ ≡ G(ρ). (3.9b)

It is assumed that G has three real roots ρ1 ≤ ρ2 ≤ ρ3 related to the integration
constants A, B, and C so that, according to a phase plane analysis, a periodic wave
exists with maximum and minimum densities ρ2 and ρ1, respectively. The fourth
arbitrary constant, due to Galilean invariance, is the wave speed V . In addition to
mass and momentum conservation, an additional energy conservation law exists (Jin
et al. 1999) which reads

E ≡ ρu2

2
+ ρ2

x

8ρ
+

ρ∫

0

f (ρ̃)dρ̃,

Et + {u[E + P(ρ)]}x = 1

4

[
uρxx − (ρu)x ρx

ρ

]

x
,

hence the assumptions in A4 are satisfied. The hyperbolicity of the Whitham equations
can only be determined by their direct study. The genuine nonlinearity of the system
will be discussed in Sect. 6. It will be helpful to note the solitary wave amplitude/speed
relation which results from the boundary conditions for a depression (dark) solitary
wave

u0 ≡ lim|ξ |→∞ u(ξ), ρ0 ≡ lim|x |→∞ ρ(ξ), ρmin ≡ min
ξ∈R

ρ(ξ).

A phase plane analysis of (3.9b) implies that the roots of G satisfy ρ1 = ρmin, ρ2 =
ρ3 = ρ0, resulting in the solitary wave speed s = V satisfying

(s − u0)2 = 2ρmin

(ρ0 − ρmin)2

⎡
⎣(ρ0 − ρmin) f (ρ0) −

ρ0∫

ρmin

f (ρ̃)dρ̃

⎤
⎦ . (3.10)

The soliton profile can be determined by integration of (3.9b).
Dispersive shock waves for the gNLS equation have been studied for the pure NLS

case (Gurevich et al. 1990; El and Krylov 1995) as well as in 1D photorefractive media
(El et al. 2007) and the cubic–quintic case (Crosta 2011; Crosta et al. 2012). A general
DSW analysis will be presented in Sect. 9.

3.2 Other Systems

The gNLS equation exhibits positive dispersion. Two additional examples with nega-
tive dispersion are briefly given here.
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Two-temperature collisionless plasma: The dynamics of the ionic component of
a two-temperature unmagnetized plasma (Karpman 1974
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and support elevation solitary wave solutions. Strong surface tension, σ > σcr, cor-
responds to positive dispersion and can yield depression solitary waves. Assump-
tions A1–A4 hold (Dias and Milewski 2010). DSWs in the case of zero surface tension
σ = 0 were studied in El et al. (2006).

It is worth mentioning that the Serre equations (3.11) with σ = 0 and a model of
liquid containing small gas bubbles (Wijngaarden 1972) can be cast in Lagrangian
form to fit into the framework of “continua with memory” (Gavrilyuk. and Teshukov
2001). The Whitham modulation equations for these dispersive Eulerian fluids were
studied in Gavrilyuk (1994). Explicit, sufficient conditions for hyperbolicity of the
modulation equations were derived.

The properties of DSWs for these systems will be discussed briefly in Sect. 10.

4 Background: Dispersionless Limit

The analysis of DSWs for (2.1) requires an understanding of the dispersionless limit

ρt + (ρu)x = 0,

(ρu)t +
[
ρu2 + P(ρ)

]
x

= 0, (4.1)

corresponding to D ≡ 0. Equations (4.1) are the equations of compressible, isentropic
gas dynamics with pressure law P(ρ) (Liepmann and Roshko 1957). They are hyper-
bolic and diagonalized by the Riemann invariants (see, e.g., Courant and Friedrichs
1948)

r1 = u −
∫ ρ c(ρ′)

ρ′ dρ′, r2 = u +
∫ ρ c(ρ′)

ρ′ dρ′, (4.2)

with the characteristic velocities

λ1 = u − c(ρ), λ2 = u + c(ρ), (4.3)

so that

∂r j

∂t
+ λ j

∂r j

∂x
= 0, j = 1, 2. (4.4)

By monotonicity of

g(ρ) =
∫ ρ c(ρ′)

ρ′ dρ′,
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In what follows, an overview of the properties of equations (4.1) is provided for
both the required analysis of DSWs and for the comparison of classical and dispersive
shock waves.

4.1 Breaking Time
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Assuming ρ > 0 (nonvacuum conditions), then (4.7b) implies a > 0 and z is decreas-
ing along the 1-characteristic. Bounds for a(t) are defined as follows:

A = min
ρ∈RA

a, B = max
ρ∈RB

a, (4.9)

where RA and RB are intervals related to the bounds on the initial data, chosen shortly.
The initial condition m is chosen as negative as possible

x0 = arg min
x∈R

z(0) = arg min
x∈R

[
∂u

∂x
− c(ρ)

ρ

∂ρ

∂x

] [
c(ρ)

ρ

]1/2
∣
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when ∂a/∂r1 < 0.
In summary, given initial data satisfying (4.8), the point x0 and m are determined

from (4.10a) and (4.10b). If m > 0, then there is no breaking. Otherwise, after verifying
∂a/∂r1 < 0, the sets RA and RB are defined via (4.12a) and (4.12b), leading to A
and B in (4.9). The breaking time bounds are given by (4.11). A similar argument
integrating along the 2-characteristic field yields another estimate for the breaking
time tbr. The only changes are in (4.10a) and (4.10b), where the minus sign goes to a
plus sign and the choices for RA and RB reflect r2(x0, 0
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4.3 Rarefaction Waves

Centered rarefaction wave solutions of (4.1) exhibit the following wave curves con-
necting the left and right states:

1 − rarefaction : u1 = u2 + ∫ ρ2
ρ1

c(ρ)
ρ

dρ, ρ1 > ρ2, (4.16a)

2 − rarefaction : u1 = u2 − ∫ ρ2
ρ1

c(ρ)
ρ

dρ, ρ2 > ρ1, (4.16b)

where admissibility is opposite to the shock wave case. The characteristic velocities λ j

increase across a rarefaction wave. Since rarefaction waves are continuous and do not
involve breaking, the leading-order behavior of dispersive and dissipative regulariza-
tions for (4.1) are the same. A dispersive regularization of KdV (Novikov et al. 1984;
Leach and Needham 2008) shows the development of small amplitude oscillations
for the first-order singularities at either the left or right edge of the rarefaction wave,
with one decaying as O(t−1/2) and the other O(t−2/3). The width of these oscilla-
tions expands as O(t1/3) (Gurevich and Pitaevskii 1974), so that their extent vanishes
relative to the rarefaction wave expansion with O(t).

4.4 Shock Tube Problem

Recall that the general solution of the Riemann problem consists of three constant states
connected by two waves, each either a rarefaction or shock (Lax 1973; Smoller 1994).
The shock tube problem (Liepmann and Roshko 1957) involves a jump in density
for a quiescent fluid u1 = u2 = 0. The solution consists of a shock and rarefaction
connected by a constant, intermediate state (ρm, um). For the case ρ1 < ρ2, a 1-shock
connects to a 2-rarefaction via the Hugoniot locus (4.13) (with −) and the wave curve
(4.16b), respectively. For example, a polytropic gas with P(ρ) = κργ gives the two
equations

1 − shock : um = −
[

(κρ
γ
m − κρ

γ
1 )(ρm − ρ1)

ρmρ1

]1/2

,

2 − rarefaction : um = −2(κγ )1/2

γ − 3

[
ρ

(γ −1)/2
2 − ρ

(γ −1)/2
m

]
. (4.17)

Equating these two expressions provides an equation for the intermediate density ρm,
and then the intermediate velocity um follows.

5 Background: Simple DSWs

The long-time behavior of a DSW for the dispersive Euler model (2.1) was first con-
sidered in El (2005). In this section, the general Whitham–El construction of a simple
wave led DSW for step initial data is reviewed. This introduces necessary notation
and background that will be used in the later sections of this work.
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Analogous to the terminology for classical shocks, a 1-DSW is associated with the
λ1 characteristic family of the dispersionless system (4.1) involving left-going waves.
In this case, the DSW leading edge is defined to be the leftmost (most negative) edge
whereas the DSW trailing edge is the rightmost edge, these roles being reversed for
the 2-DSW associated with the λ2 characteristic family. There is a notion of polarity
associated with a DSW corresponding to its limiting behavior at the leading and trailing
edges. The edge where the amplitude of the DSW oscillations vanishes (the harmonic
limit) is called the linear wave edge. The soliton edge is associated with the phase
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photorefractive (El et al. 2007) and cubic/quintic nonlinearity (Crosta et al. 2012), and
other equations including the Miyata–Camassa–Choi equations of two-layer fluids
(Esler and Pearce 2011).

Simple DSWs are described by a simple wave solution of the Whitham modulation
system which necessitates self-similar variation in only one characteristic field. Using
a nontrivial backward characteristic argument, it has been shown that a simple wave
solution requires the constancy of one of the Riemann invariants (4.2) evaluated at the
left and right states (El 2005). Then a necessary condition for a simple DSW is one of

1 − DSW : u2 = u1 −
ρ2∫

ρ1

c(ρ)

ρ
dρ, ρ2 > ρ1, (5.1)

2 − DSW : u2 = u1 +
ρ2∫

ρ1

c(ρ)

ρ
dρ, ρ1 > ρ2. (5.2)

1-DSWs (2-DSWs) are associated with constant r2 (r1) hence vary in the λ1 (λ2)
characteristic field. Equations (5.1), (5.2) can be termed DSW loci as they are the
dispersive shock analogs of the Hugoniot loci (4.13) for classical shock waves. It
is worth pointing out that the DSW loci correspond precisely to the rarefaction wave
curves in (4.16a) and (4.16b). However, the admissibility criteria for DSWs correspond
to inadmissible, compressive rarefaction waves where the dispersionless characteristic
speed decreases across the DSW. Coincidence of rarefaction and shock curves does
occur in classical hyperbolic systems but is restricted to a specific class, the so-called
Temple systems Temple (1983) to which the dispersionless Euler equations do not
belong.

Recall from Sect. 4.2 that, across a viscous shock, a Riemann invariant is conserved
to third order in the jump height. Since the DSW loci (5.1), (5.2) result from a constant
Riemann invariant across the DSW, the DSW loci are equal to the Hugoniot loci (4.13)
up to third order in the jump height.

5.1 Linear Wave Edge

The integral curve of the Whitham equations in the a = 0 (linear wave edge) plane of
parameters reduces to the relationships k = k(ρ), u = u(ρ) and the ODE

dk

dρ
= ωρ

u(ρ) − c(ρ) − ωk
, (5.3)

where the average velocity is constrained by the density through a generalization of
(5.1)

u(ρ) = u1 −
ρ∫

ρ1

c(ρ′)
ρ′ dρ′. (5.4)
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ω̃(k̃, ρ) = −iω(ik̃, ρ) = u(ρ)k̃ + iω0(ik̃, ρ)

= u(ρ)k̃ + ω̃0(k̃, ρ). (5.8)

The conjugate wavenumber plays a role analogous to an amplitude so that k̃ → 0
corresponds to the linear wave edge where a → 0. The simple wave ODE in the
k = 0 plane is

dk̃

dρ
= c(ρ)k̃/ρ + ω̃0ρ

c(ρ) − ω̃0k̃

, (5.9)

the same equation as (5.3) but with conjugate variables. It is remarkable that the
description of the soliton edge so closely parallels that of the linear wave edge. The
initial condition is given at the linear wave edge where k̃ = 0. As in (5.6), the solution
with zero initial condition at ρ = ρ j is denoted k̃(ρ; ρ j ) according to

k̃(ρ j ; ρ
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The extrapolation of admissibility to larger jumps can be demonstrated as follows.
For 1-DSWs, the negative branch of the dispersion relation (2.3) has been chosen for
k > 0. Using the small k asymptotics (2.4) in (5.5) with initial condition k(ρ2; ρ2) = 0,
one can show that k(ρ; ρ2) is a decreasing function of ρ
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frame was used with the requirement that the background flow variables lie on the
1-DSW locus (5.1). With this coordinate system, three of the four background flow
properties (ρ1, ρ2, u1, u2) can be fixed while the fourth is determined via the 1-DSW
locus. The soliton and linear wave edge speeds follow according to (5.11) and (5.7)
such that either one of the admissibility criteria for a 1+

- or 1 −-DSW hold.
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where ω(k, ρ, u) is the negative branch of the dispersion relation (2.3). The eigenvalues
ν1,2,3 and associated right eigenvectors r1,2,3 for this hyperbolic system are

(ν1, r
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where differentiation is with respect to the self-similar variable x/t . This demonstrates
that the Whitham modulation equations exhibit gradient catastrophe, |k′| → ∞, when
the dispersion is zero (6.16). A direct computation demonstrates that ∂v+/∂ρ2 = 0
if and only if (6.16) holds. Thus, breaking in the Whitham modulation equations
coincides with an extremum of the linear wave edge speed with respect to variation in
ρ2.

Breaking in the Whitham equations has been resolved in specific systems by appeal-
ing to modulated multiphase waves describing DSW interactions (El 1996; Grava and
Tian 2002; Biondini and Kodama 2006; Hoefer and Ablowitz 2007; Ablowitz et al.
2009). A recent study of DSWs in the scalar magma equation shows that the develop-
ment of zero dispersion for single-step initial data leads to internal multiphase dynam-
ics termed DSW implosion (Lowman and Hoefer 2013). The simple wave assumption
no longer holds. This behavior was intuited by Whitham before the development of
DSW theory (see Whitham 1974, Sect. 15.4) where breaking of the Whitham modu-
lation equations was hypothesized to “represent a source of oscillations.”

An analysis of the soliton wave edge where k → 0 can be similarly undertaken.
Recalling that the characteristic speed of the soliton edge is the phase velocity u−ω̃0/k̃
(5.11), the breakdown of the monotonicity condition for the positive dispersion case
is

lim
k→0+

dλ2

dρ

∣∣∣∣
k̃=k̃2,ρ=ρ2,u=u2

= − ∂

∂ k̃

(
ω̃0

k̃

)
k̃′ − ∂

∂ρ

(
ω̃0

k̃

)
+ u′

∣∣∣∣
k̃=k̃2,ρ=ρ2,u=u2

= 0.

Using the 1-DSW locus (5.1) and the characteristic ODE (5.9) leads to the simplifi-
cation

(
k̃c − ω̃0

)(
ω̃0ρ

+ ck̃

ρ

)∣∣∣∣∣
k̃=k̃2,ρ=ρ2

= 0.

The positivity of the first factor is equivalent to the admissibility criterion (6.3a), so it
is a zero of the second factor,

ω̃0ρ
+ ck̃

ρ

∣∣∣∣∣
k̃=k̃2,ρ=ρ2

= 0, (6.17)

that offers a new route to linear degeneracy. Recalling that the dispersion relation
involves two branches (2.3), care must be taken that the appropriate branch is used
in (6.17), which can change when passing through ω̃0 = 0. A direct computation
verifies that ∂s+/∂ρ2 = 0 if and only if (6.17) holds. Therefore, an easy test for linear
degeneracy is to find an extremum of s+(ρ1, ρ2) with respect to variations in ρ2. Note
that the linear degeneracy condition (6.17) also coincides with a breaking of one of
the additional sufficient admissibility conditions in (6.4).

Just as zero dispersion at the linear wave edge can lead to singularity formation in
the Whitham equations, the soliton edge can similarly exhibit catastrophe when the
phase velocity reaches an extremum
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(
ω̃0

k̃

)

k̃

∣∣∣∣
k̃=k̃2,ρ=ρ2

= 0.
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v j (ρ1, ρ1 + ) ∼ lim
ρ2→ρ1

v j (ρ1, ρ2) + ∂

∂ρ2
v j (ρ1, ρ2). (7.1)

Using the long-wave asymptotics of the dispersion relation (2.4) and the initial
condition for the integral curve (5.6), the first term is

lim
ρ2→ρ1

v j (ρ1, ρ2) = u1 − lim
k→0

ω0k = u1 − c1.

The derivative term in (7.1) for the case j = 1 is evaluated using (5.5)–(5.7)

lim
ρ2→ρ1

∂

∂ρ2
v1(ρ1, ρ2) = lim

ρ2→ρ1
−ω0kk

∂k

∂ρ2
= lim

ρ2→ρ1
ω0kk

dk

dρ1

= lim
k→0

ω0kk

c1k/ρ1 + ω0ρ

c1 − ω0k

= −2

(
c1

ρ1
+ c′

1

)
. (7.2)

The second equality in (7.2) involves differentiation with respect to the initial “time”
ρ2, which, due to uniqueness of solutions to the initial value problem, satisfies

∂k

∂ρ2
(ρ1; ρ2) = − dk

dρ1
(ρ1; ρ2). (7.3)

The last equality in (7.2) follows from the weak dispersion asymptotics (2.4). A similar
computation for the j = 2 case gives

lim
ρ2→ρ1
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the wavenumber of the linear wavepacket at a weak 1±-DSW’s linear wave edge. Note
that the wavenumber is independent of the sign of dispersion.

7.2 Soliton Edge

The soliton edge speed is expanded for a small density jump as

s j (ρ1, ρ1 + ) = lim
ρ2→ρ1

s j (ρ1, ρ2) + ∂

∂ρ2
s j (ρ1, ρ2) + · · · .

Using the expansion (2.4), the definition (5.8), the expression (5.11), and the initial
condition (5.10) gives

lim
ρ2→ρ1

s j (ρ1, ρ2) = u1 − lim
k̃→0

ω̃0(k̃, ρ1)

k̃
= u1 − c1.

To compute the limit ∂
∂ρ2

s j (ρ1, ρ1) necessitates different considerations for each
j . When j = 1, (5.11) gives

lim
ρ2→ρ1

∂

∂ρ2
s1(ρ1, ρ2) = lim

ρ2→ρ1
− ω̃0k̃

k̃ − ω̃0

k̃2

∂ k̃

∂ρ2

= lim
ρ2→ρ1

ω̃0k̃
k̃ − ω̃0

k̃2

dk̃

dρ1

= lim
k̃→0

(ω̃0k̃
k̃ − ω̃0)(c1k̃/ρ1 + ω̃0ρ

)

k̃2(c1 − ω̃0k̃
)

= −2

3

(
c1

ρ1
+ c′

1

)
.

When j = 2, the limit is similarly computed as

lim
ρ2→ρ1

∂

∂ρ2
s2(ρ1, ρ2) = lim

ρ2→ρ1
u′(ρ1) − ω̃0ρ

k̃
− ω̃0k̃

k̃ − ω̃0

k̃2

dk̃

dρ

= lim
k̃→0

− c1

ρ1
− ω̃0ρ

k̃
− (ω̃0k̃

k̃ − ω̃0)(c1k̃/ρ1 + ω̃0ρ
)

k̃2(c1 − ω̃0k̃
)

= −1

3

(
c1

ρ1
+ c′

1

)
.

Combining these results gives the asymptotic soliton edge speed

s j (ρ1, ρ1 + ) ∼ u1 − c1 − 3 − j

3

(
c1

ρ1
+ c′

1

)
, || � 1. (7.5)
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7.3 Admissibility: Positive and Negative Dispersion

By insertion of the DSW speeds (7.4) and (7.5) into the general admissibility criteria,
it is found that the 1+-DSW criteria (6.1a)–(6.1c) are satisfied if and only if  > 0 and
sgn ωkk > 0. Similarly, the 1−-DSW criteria (6.2a)–(6.2c) hold if and only if  > 0
and sgn ωkk < 0. Hence, the notation 1±-DSW associated with the dispersion sign is
justified for weak DSWs.

In the notation of (6.6), the weak 1±-DSW speeds are

s(1)
± (ρ1, ρ1 + ) ∼ u1 − c1 − 3 ∓ 1

6

(
c1

ρ1
+ c′

1

)
, (7.6a)

v
(1)
± (ρ1, ρ1 + ) ∼ u1 − c1 − 1 ± 3

2

(
c1

ρ1
+ c′

1

)
, 0 <  � 1, (7.6b)

where the superscript denotes the association with a 1-DSW. Notably, the DSW speeds
(7.6a) and (7.6b) differ from the dissipatively regularized shock speed (4.14) only in
the numerical coefficient of the (c1/ρ1 + c′

1) term. A similar analysis shows that the
2-DSW locus (5.2) requires a negative jump in density and yields the speeds

s(2)
± (ρ2 + , ρ2) ∼ u2 + c2 + 3 ∓ 1

6

(
c2

ρ2
+ c′

2

)
,

v
(2)
± (ρ2 + , ρ2) ∼ u2 + c2 + 1 ± 3

2

(
c2

ρ2
+ c′

2

)
, 0 <  � 1.

7.4 Stationary Soliton Edge

Choosing the reference frame moving with the 1±-DSW soliton edge so that s(1)
± = 0

results in the relations

± ∼ 2ρ1c1

(1 ∓ 1/3)(c1 + ρ1c′
1)

(M1 − 1),

M2,± ∼ 1 − 2±1(M1 − 1), 0 < M1 − 1 � 1,

which differ from their classical counterparts (4.15) only by a numerical coefficient.
Upstream supersonic flow through a weak, admissible DSW results in downstream
subsonic flow as in the classical case.

7.5 KdV DSWs

An alternative method to derive weak DSW properties is to consider the weakly non-
linear behavior of the dispersive Euler equations directly. Inserting the multiple scales
expansion
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ρ = ρ1 + ρ(1)(ξ, T ) + 2ρ(2)(ξ, T ) + · · · ,

u = u1 − u(1)(ξ, T ) + 2u(2)(ξ, T ) + · · · ,

ξ = 
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ρ1 = 1, ρ2 =  > 1,

so that 1-DSWs will be considered. Then, according to the 1-DSW locus (5.1) of
admissible states, the jump in velocity satisfies

u2 = u1 −
∫ 

1

(
f ′(ρ)

ρ

)1/2

dρ.
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The analogous transformation for the conjugate variables

α̃(ρ) = ω̃0(k̃, ρ)

c(ρ)k̃
=

[
1 − k̃2

4c(ρ)2

]1/2

(9.5)

transforms (9.2) to the same equation (9.3) with α → α̃ and the initial condition

α̃(1) = 1. (9.6)

Upon solving the initial value problems for α and α̃, the linear wave and soliton
edge speeds are found from (5.7) and (5.11), respectively, which take the form

v+
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According to the assumptions on f (3.7), α̃l < 0 as required. Since the linear degen-
eracy condition (9.11) amounts to ds+/d = 0 [recall (6.19a)], the distinguished
value α̃l coincides with an extremum of the soliton edge speed as the jump height 

is varied.
A direct computation verifies that the zero dispersion criterion (6.18) does not occur.

The admissibility criteria (6.1a) and (6.1b) correspond to α̃() <
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The distinguished values of the jump height  predict different DSW behavior as p
varies. The large- behavior of (9.15a) and the fact that α̃() is a decreasing function
of  prove that

α̃() ↘ p − 2

2p
> −1

2
,  → ∞, p > 1, (9.19)
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For 0 < p < 1, α̃()
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the numerically computed soliton edge speed begins to deviate noticeably from its
theoretical value (see Figs. 3 and 4 in El et al. (2006)). It is curious that the numerically
computed linear edge speed remains fairly accurate. For σ = 0, zero dispersion does
not occur at either edge, nor does linear degeneracy at the soliton edge. For σ > 0,
both ωkk = 0 and (ω̃/k̃)k̃ = 0 when ρ = √

3σ , offering a potential route to gradient
catastrophe in the Whitham modulation equations for appropriate DSW jumps.

Ion-acoustic plasma DSWs also exhibit linear degeneracy at the linear wave edge
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Appendix: Numerical Methods

The numerical solution of the gNLS equation (3.1) for the shock tube problem, the
initial step in density

ψ(x,
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The extraction of the DSW speeds v+, s+, and minimum density ρmin is per-
formed as follows: The precise location of the DSW soliton trailing edge is computed
by creating a local cubic spline interpolant through the computed grid points in the
neighborhood of the dark soliton minimum. A root finder is applied to the derivative
of this interpolant in order to extract the off-grid location of the soliton edge xs(t)
and ρmin ≡ |ψ(xs(tf), tf)|2. The slope of a linear least-squares fit through xs(t j ) for
j = 1, . . . , 100 equispaced t j ∈ [tf − 1, tf ] determines s+. For the leading, linear
wave edge, an envelope function is determined by least-squares fitting two lines, each
through about 30 local maxima and minima, respectively, of the DSW density in the
vicinity of the trailing edge. The extrema are computed the same as for the soliton
minimum. The point of intersection of these two lines is the location of the linear wave
edge xv(t). The same fitting procedure as was used to determine s+ from xs(t) is used
to extract v+ from xv(t).
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